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Dynamical Systems
Flows
“Vector Fields Determine Flows”

A flow is a continuous map ¢:R"xR — R" satisfying
o(x,0)=x, forall x,
o(x,t+5)=p(p(x,1),s), forall x, t, and s.

2 () =p(x1)
° =id

Group Property ——> ¢ =plog®

Alternate Notation

Smooth: C", n>0
(n times continuously
differentiable)

Big Th
If f :R" — R" is smooth, then the initial vade problem
x=1(x), x(0) =X,
defines a flow ¢:R" xR — R) satisfying
#(x0.) = F(p(%, 1), 9(%0,0) = Xo.
Also, ¢ isasmoothas f.
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Dynamical Systems
Flows
“Vector Fields Determine Flows”

Example

vector field: % =Ax, xeR" initial value: x(0)=x,

solution: x = e%xy
flow: (x0.t) = %o
Check properties:
Group Property
2(%,0) =% = xg
P(x0,t+5) =9 = e = %%, 5) = p((Xo,5).1)

Experts Only
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L)

Rest point
dt P

Dynamical Systems

Nonlinear Systems

Linear approximation:
f()~ f(p)+Df(p)(x-p)=

p: f(p)=0

Df (p)(x-p)

Introduce &=x-p.
Then f(x)= f(p+¢&)~Df(p)é&
dg _dx

a - (= fp+)=~Df(p)

Basic Idea
If & issmall,i.e., if x iscloseto p,

then solutions of i—f =f(&+p)

are close to solutions of ‘il—f =Df (p)¢.

if the origin is asymptotically stable

In particular, the rest point p is asymptotically stable for e f(x)

dx

de_
for at =Df (p)¢é.
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Flows

Example

solution: x = ey
. it
flow: o(%,1) =e%xy
RN —
a<0

Group Property

Dynamical Systems

“Vector Fields Determine Flows”

vector field: %x=ax, xeR, initial value: x(0) =X

Check properties:

2(x0,0) =% =X
P(xg,t+85) = 9x) =66, = e¥p(%),5) = p(p(¥0,9).1)

Math 5490 11/10/2014

Flows

Example

vector field: %= xz,
initial value: x(0)

Calculus

dx
dt

BV SR N
X

< =

1
X
solution: x=-20

flow:  @(xo,t) =1

Dynamical Systems

“Vector Fields Determine Flows”

=X

—_—

Z=x* 5 xZx=dt - Ixx’zdx=rdt Sy ot
% o %

1o loxt X

X X 1-xt

1-xgt

ot

xeR

Xo

> Xx=

%o
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Dynamical Systems
Flows
“Vector Fields Determine Flows”

Example

vector field:  x xeR initial value: x(0) =X,

X
flow: Xg,t) = 2
o(X.t) Toxt
group property Check properties:
X
Xg,0) =—0 =
#(%,0) I-%0 0
%o
?(x.t) 1- Xt X X
X.1),8) = = = = =p(Xp,t+s
2(e(X:1),5) Tp0o05 1 oy Txtxs 1 x+9) (X, t+5)
1-xt
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Dynamical Systems
Flows
“Vector Fields Determine Flows”

Calculus

Example

vector field:  x xeR initial value: x(0) =X,
Xo
1ot

flow: o(X,t) =

Issue:
Solutions do not exist for all time.

local flow: Solutions exist for some time interval.
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Dynamical Systems
Flows
“Vector Fields Determine Flows”

Example
vector field: x=1-x% xeR
initial value: x(0) =xg
——— e

Calculus

dx 2 PRET x 2\-14, [t 1
i @-x%)tdx=dt — jxu(l—x) dxfjodt — tanh™x

tanhx—tanh'xo =t — tanhx=tanhlxo+t — x:tanh(tanh’lxo +t)

X
=t
X

_ tanh(tanh™ xp) +tanht _ x, +tanht
L1+tanh(tanh ™t xp)tanht 1+ Xo tanht

flow:  p(xp,t) — o BINL
1+ xptanht
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Dynamical Systems
Flows
“Vector Fields Determine Flows”

Example

vector field:  x=1-x?, xeR initial value: x(0) = %o

flow: (1) = 20 +ENL
1+ xptanht
————
Group Property
tanht + tanhs
(gt +5) = Xo +tanh(t+s) X°+1+lanhltanhs _ X+ Xtanhttanhs+ tanht + tanhs
o 1+ Xg tanh(t +5) tanht+tanhs ~ 1+ tanhttanhs+ x(tanht + tanhs)
0 I+ Xgm———— 0
1+tanhttanhs
> equal
Xo + tanht
————+tanhs
(0(%,1),5) = @(X.t) +tanht _ 1+ xotanht _ Xo+tanht+tanhs+ Xy tanhttanhs
#eto.b: L+p(xt)tanht ; Xo+tanht oo 1+ x tanht+x, tanhs+ tanhttanhs
1+ xp tanht

Dynamical Systems
Flows
“Vector Fields Determine Flows”

Example

vector field:  x=1-x?, xeR

Xo + tanht
local flow: =0T
#0%0.1) 1+ Xg tanht
Issue:
Solutions do not exist for all time.

X + tanht

Xo<-1 = o(X.t)= — 0 as t— tanh L (=1/xg)

/ 1+ g tanht

——————

X + tanht

07T 5 4o as t— tanh =1/
1+ % tanht ¥

X >+l = @(Xt)=
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Dynamical Systems

Flows

Backwards Time
vector field:  x=f(x), x(0)=%;, xeR"
flow: 900,1) = T (2(%0,1))
Let y(xo.t) = (X, 1)
then %W(Xovt) =§¢(Xov—t) ==X, ~t) =~ f (p(x0, 1)) =~ f (W (%, 1))

S0 y(Xo.t) satisfies
X=—1(x, X(0)=%

Going backward in time is the same as following the
negative of the vector field.
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Dynamical Systems
Flows
“Vector Fields Determine Flows”

Example

vector field:  x=1-x%, xeR

tanht
local flow: Xo,t) = oAt
#00.0) 1+ xp tanht

— e

vector field:  x= 7(1— xz), xeR

Xo —tanht
local flow: ="
v0o9 1-xytanht

D —— ST

Vit) = Xo —tanht _ X, +tanh(-t)

= = = (%o, —t
1-xptanht 1+ X, tanh(-t) 700:-Y
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Dynamical Systems

Nonlinear Systems

Stability

unstable
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Dynamical Systems
Nonlinear Systems
Stability
%:f(x) Restpoint p: f(p)=0

The rest point p is called Lyapunov stable (or simply stable) if,
forall &£>0, thereexistsa & >0 such that
[Xo—=p|<8 = |p(x,,t)-p|<e forall t>0.

Itis called unstable if it is not stable.

The rest point p is called asymptotically stable if it is stable and if
there existsa & >0 such that
[%=p|<d = @(Xt)>p as t—om.
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Dynamical Systems

Nonlinear Systems

g—f:f(x) Restpoint p: f(p)=0
Sxx-p
variational equation near p : LI =Df( p)/;/

Jacobian matrix

If all of the eigenvalues of the Jacobian matrix have negative real part,
then the rest point P is asymptotically stable.
If any eigenvalue of the Jacobian matrix has positive real part, then the
rest point P is unstable.
If all of the eigenvalues of the Jacobian matrix have positive real part,
then the rest point P is asymptotically stable for the backwards flow.
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Dynamical Systems
Stability

[ ——

Lyapunov stable /
unstable

asymptotically stable

% >
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Dynamical Systems

Nonlinear Systems
dx 2 i .
E:f(x), xeR Restpoint p: f(p)=0
What about saddles?

If one of the eigenvalues of the Jacobian matrix is positive and the other is negative,
then there are two smooth curves intersecting at p, W *(p) (the stable manifold),
and W"(p) (the unstable manifold) satisfying these properities:
xeWs(p) < @(x,t)>p ast—omw
xeW'(p) < @(xt)—>p as t—-»

W*®(p) istangentat p to the eigenvector corresponding to the negative eigenvalue

W"(p) istangentat p to the eigenvector corresponding to the positive eigenvalue
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Dynamical Systems
Nonlinear Systems

o _ f(x), xeR?

= Restpoint p: f(p)=0
at point p ()]

What about saddles?

unstable manifold ‘é

stable manifold
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Dynamical Systems
Nonlinear Systems

Example

dX=><—><3+y

dt
dy_
dt
1-32 1
Df(x,y) =
xy) { 0 J

Df(—l,O):{_OZ fJ Df(0,0):E fJ Df(l,()){'o2 }J
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Dynamical Systems

Nonlinear Systems

Example
dx 3
—=x=-X+y i
dt rest points:
Yy (-10), (0.0), and (L0)
dt

Math 5490 11/10/2014

Dynamical Systems

Nonlinear Systems

%:X7X3+y Example
dt 11
d = = =
(T)t’ -y saddle £=AL, A=Df(0,0) [0 _J
eigenvalues: 1 -1
1 -1
L stable eigenvectors:
unstable 0 2
unstable stable
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Df(—l,O):[O 711} Df(0,0):Ll) ﬂ Df(1,0){'02 j

sinks
eigenvalues:

Example
% =x-x+y
d; Rest points: (~1,0), (0,0), and (,0)
w7

A el

Dynamical Systems

Nonlinear Systems

-2

saddle

o 1 eigenvalues: 1 -1

-

)

slow unstable stable
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Dynamical Systems
Nonlinear Systems

Example

: 11
saddle &= A A=Df(0,0)={0 _J

eigenvalues: 1 -1

. 1 -1
eigenvectors:
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Dynamical Systems
Nonlinear Systems
Example
dx
dt
dy _
dt

=x—x+y

-y

stable

N\

unstable
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Dynamical Systems
Nonlinear Systems

Example

stablenode ¢=AZ, A=Df(-10)=Df(10) { 0

fast

eigenvalues: -2 -1

e [
/N

fast slow

Dynamical Systems
Nonlinear Systems

Example

stable node

£=As, A=Df(-10)=Df(L0) :[

eigenvalues: -2 -1

" 1] [1
eigenvectors:
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-2 1
-1

-2 1
0 -1

Dynamical Systems
Nonlinear Systems
Example

e x-x3+y
dt
dy _

a7

stable manifold —_) unstable manifold

Richard McGehee, University of Minnesota

Dynamical Systems

Nonlinear Systems

Example
o x-x°+y
dt
dy
a Y
1
stable
slow
fast \
unstable
2 o 1 2
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fast direction

slow direction

o

unstable manifold

1

Dynamical Systems

Nonlinear Systems
Example
X 3
—=X-X+
dt y
dy
dt

stable manifold
-y

1l
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Dynamical Systems

Stommel’s Model

stable spiral \ b

saddle

stable node K

Temperpture

*a

/

Salinity
Stommel, TELLUS X1 (1961)
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