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Nonlinear Systems
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Basic Idea

Linear approximation:
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Flows
“Vector Fields Determine Flows”
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Alternate Notation

Big Theorem
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“Vector Fields Determine Flows”
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Group Property

Experts Only
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“Vector Fields Determine Flows”
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“Vector Fields Determine Flows”
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Example

Calculus

Issue:

Solutions do not exist for all time.
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local flow:  Solutions exist for some time interval.
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Group Property
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Flows
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Backwards Time
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Going backward in time is the same as following the 
negative of the vector field.
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Rest point   :    ( ) 0p f p ( )
dx

f x
dt
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asymptotically stable

Stability

 

0 0
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Lyapunov stable stable

unstable
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Nonlinear Systems

Stability
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Stability

Lyapunov stable

asymptotically stable
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Rest point   :    ( ) 0p f p ( )
dx

f x
dt



variational equation near   :   ( )
d

p Df p
dt

 

x p  

Jacobian matrix

If all of the eigenvalues of the Jacobian matrix have negative real part, 

then the rest point  p is asymptotically stable.

If any eigenvalue of the Jacobian matrix has positive real part, then the 
rest point  p is unstable.

If all of the eigenvalues of the Jacobian matrix have positive real part, 

then the rest point  p is asymptotically stable for the backwards flow.
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Rest point   :    ( ) 0p f p 2( ),
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f x x
dt

 

What about saddles?

If one of the eigenvalues of the Jacobian matrix is positive and the other is negative,
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Rest point   :    ( ) 0p f p 2( ),
dx

f x x
dt

 

What about saddles?

stable manifold

unstable manifold
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3dx
x x y

dt
dy

y
dt
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( 1,0), (0,0),   and  (1,0)
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Rest points:  ( 1,0), (0,0),   and  (1,0)
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sinks saddle

fast slow unstable stable
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stable manifold unstable manifold
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stable manifoldunstable manifold

slow direction

fast direction
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Stommel’s Model

Stommel, TELLUS XII (1961)

stable spiral

saddle

stable node
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