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Dynamical Systems

Topological Classification

If neither eigenvalue has zero real part, then the system is called
hyperbolic, in which case, there are only three classes:

source
1. saddles: One positive eigenvalue and one negative. The determinant saddle
is negative. °
g
B

2. sources: Both eigenvalues have positive real part. The determinant is
positive, and the trace is positive.
3. sinks: Both eigenvalues have negative real part. The determinant is
positive, and the trace is negative.

Every system in one of the three categories looks the same to a topologist
(topological conjugacy).

determinant

Math 5490 11/5/2

Dynamical Systems
Topological Classification
Saddles : det <0
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Saddles : det <0
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Sources 1
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All sources look the same.
Everything leaves.
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Sources
det >0, trace >0
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Sinks
det >0, trace< 0

saddle

determinant

source
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All sinks look the same.
Everything approaches the
origin asymptotically.
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One Variable

%:—ax a>0

dt

a

u u>0

a

u>0 u<o

Let x=[u""u ={
-u

Continuous,
but not smooth at 0.

l

‘:T):=_ax a>0 —> x=\u\”’1u — —=-u
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Two Variables

Saddles
%:—ax a>0
gt — [
d—i’:ﬂx $>0

Continuous,
but not smooth at (0,0).

topologically conjugate
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Sinks
a1 du_
T T
dy _ y=pM""v &
Exﬂx B>0 a7

1

Continuous,
but not smooth at (0,0).

ey

topologically conjugate
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What about spirals?

dz R
E:(fl—l)x

71— ‘W‘i W:eilcg\w\w

Continuous,
but not smooth at 0. dw
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Computation

2= ‘w‘i w = (wm) /2w = w2 gil2

W = W — 20 < WW+ WW = —2Ww
(%+1)WW+%(—WW—2\WAN)=—(1H)WW
WW— W = —(L+ )W —— Wi-ww —
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complex conjugate

;20 =( i +1)Wi/2WWi/2 WU i w205
dt Multiply by W/\w\'
:—(1+i)z:—(1+i)\w\iw (%+1)WW+%WW=—(1+i)Ww
—Lwiv+ (1) wi = —(1-i)aw > add
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What about spirals?

9 _C1six

AV

dt

Continuous,
but not smooth at 0. dw
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All sinks are topologically
conjugate, as are all sources
and all saddles.
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One Variable

dx
2
- T

Rest points: ‘:T’l‘:o < f(x)=0

If f(p)=0, then x(t)=p (constant) isa solution.

Example

[
dt

Rest points: x—x°=0 < x(1-x)(1+x)=0
-1, 0, and 1
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:—f:f(x) Restpoint p: f(p)=0
Linear approximation:

f() = F(p)+ F'(P)(x=p) = F'(P)(x-p)

Dynamical Systems

Nonlinear Systems

One Variable
Rest points
Example 2 / |
dx_ 3 1
dt
Eo
What about the stability of a
the rest points?
-2
2 1 0 1
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Basic Idea
Introduce & =x-p.

, If & issmall,i.e., if x iscloseto p,
Then f(x)=f(p+¢&) =~ f'(p)¢

. dé
de d , then solutions of —== f(¢&+ p)
&= 1(p+ )~ (P a«
are close to solutions of % = f'(p)é.

In particular, the rest point p is asymptotically stable for ?T)t( =f(x)

if the origin is asymptotically stable for i—f =f'(p)é.
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%:f(x) Restpoint p: f(p)=0

Criteria

The rest point p is asymptotically stable for %: f(x) if f'(p)<0.
It is unstable if f'(p)>0.
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Example
d stable
X 3
—=f(X)=x-x
A . \
Rest points: -1, 0, and 1
1
f/(x)=1-3x%
(=) =fQ=-2 f(0)=1 .
Rest points —1 and 1 are stable,
rest point 0 is unstable. e
2

0\1
x

unstable
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Example
%:x—x"ﬂ-y
d
oy
Rest points:
x—x+y=0 x-x*=0 X(1-x)(1+x)=0
—y={) < y=0 < ( ))/=0 )

(-1,0), (0,0), and (1,0)
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Two Variables

dx;
thl: f(x,%)
dx;
= s

z—):: f(x), xeR? f:R* >R’

dx _

=0 f(x)=0
m < f(x)

If f(p)=0, then x(t)=p (constant) is a solution (rest point)

f,(pup,) =0 x(t) = py

f =0
® (P p) =0 %0 = p,
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dx
at
dy _
&

—x—x3+y
-y

Preview
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Example
dx
dt
dy _
dt

=x-xC+y

-y

If y(0)=0, then y(t)=0, forall t. rest points

“invariant line”:
x-axis

N\

X

How do we analyze the full system?

Math 5490 11/t

Dynamical Systems

Nonlinear Systems

Jacobian Matrix

dx,
chl: (% %,)
dx,
= s

‘:T’t‘= f(x), xeR?, f:R2->R2

of. of )
gl(xyxz) aTl(lexz)
Df (x)=| 2

I ofy

T2 (X, %) —2 (X, X
Srla) SZ0)
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Example %: f(x) Restpoint p: f(p)=0
dx 3 dt
TR Linear approximation:
dy__ f(x) = f(p)+ Df (p)(x - p) = Df (p)(x - p)
dt
Basic Idea
1-3x% 1 e
Df (x, Y)={ } Introduce £=x-p. If & issmall,i.e., if x iscloseto p,
o1 Then f(x) = f(p+¢&)~ Df (p)& o
th luti f —==1f
d—‘fzd—xzf(x):f(w:):of(p); en solutions of ~- (&+p)
Df (-1,0)= 21 Df(oo)—1 ! Df (1,0) = 21 dad | Jutions of 3¢ — pf
e ] e A ] are close to solutions o o (p)é.
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%:f(x) Restpoint p: f(p)=0
Criteria

The rest point p is saddle for j—:_ f(x) if det(Df (p))<O0.

Itis a source if det(Df(p))>0 and trace(Df (p))>0.
Itis a source if det(Df(p))>0 and trace(Df (p))<0.
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In particular, the rest point p is asymptotically stable for ?T)t(

f(x)

if the origin is asymptotically stable for %—f =Df (p)é.
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Example
ax _ .3
w X=x"+y
dy__
dt
If y(0)=0, then y(t)=0, forall t. y rest points
“invariant line”:
x-axis
X
stable node saddle
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Example
% =x-xC+y
d; Rest points: (~1,0), (0,0), and (1,0)
w

Df(—l,O):{?.z }J Df(0,0):B }J Df(1,0):h2 }J

det(Df (0,0)) =-1<0
" saddle

sink
discriminant(Df (-1,0)) = (-3)*-4-2=1>0

stable node
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